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her e defined?
o estimate the values of the limits

288 —1
h—0 h

(c): W]n f:the two functions in pari (b) grows more rapidly
. whenx is large?

3-28 o Différéntiate the function.

3 flo =50k 4. F(x) = —dx!°
5 f()=x*+3x—4 ‘ 6 gx)=35x*-2x+6
7 y=x" 8. y=15¢"+3
9, V(r} =5mr? 10. R(r) = 56735
. 1
. ¥() =61~ 12, R(x) = ‘{?
13, F(x) = (16x)° 9 y=23x
B gl =1 + = 16, f() = i — 4=
. g " . 7
X+ 4x+3 x* - 2-\/]_6
7 y=—— 18 y= ¥
R~ Y=
19, y =3¢ + 2¢* 2 y=+x{x—-1)
A y=4n* 2. y=x¥3— xh3
Boy=ax+bx+ ¢ 24_y=A.|.§_+_C’;
X X
B.oy=x+ yx? % u=3r+2/0
‘ 1
27, = 4+ —— . . x+3
xvx + T B y=erl+1

4 23-34 0 Find f*(x), Compare the graphs of fand f' and use them
to explain why your answer is reasonable.

B fx) =2x2 — x* - 300 fi{x) =3x" — 20x° + 50x

Mo f(x) =35~ 5% + 3 32 flx)=x+ 1
X

M. flx) = x4+ 27

B flx)=x— 323

g 35. (2) By zooming in on the graph of f(x) = x%%, estimate the
value of f/(2).
(b} Use the Power Rule to find the exact value of £(2) and
compare with your estimate in part (a).
%S 36. (2) By zooming in on the graph of f(x) = x — 2e”, estimate
the value of f'(1).
{b) Find the exact value of f(1) and compare with your esti-
mate in part {a).

%% 37-40 0 Find an equation of the tangent line to the curve at the
given point. [ustrate by graphing the curve and the tangent line on
the same screen,

4
7. y=.x+;, (2.4)

! y=x" (4,32)

39, y=x+.% (1,2
1 y=x"+2 (0,2)

BGEM. (a) Usea graphing calculator or computer to graph the func-

tion f{x) = x* — 3x% - 6x* + 7x + 30 in the viewing
rectangle [-~3, 5] by f—10, 50].

(b) Using the graph in part (a) to estimate slopes, make a
rough sketch, by hand, of the graph of f'. (See Example 1

- in Section 2.9.)

(c) Calculate f'{x) and use this expression, with a graphmg

device, to graph f’. Compare with your sketch in part (b).

% 42. (2) Use a graphing calculator or computer to graph the func-

tion g(x) = ¢* — 3x® in the viewing rectangle [—1, 4] by
[-8,8]

(b) Using the graph in part (a) to estimate s]opes, make a
rough sketch, by hand, of the graph of g (See Example 1
in Section 2.9.)

(c) Calculate g'(x) and vse this expression, with a graphing
device, to graph g'. Compare with your sketch in patt (b).

43. Find the points on the curve y == x> — x* — x + 1 where the
tangent is horizontal.

44. For what values of x does the graph of
F(x) = 2x* — 3x* — 6x + 87 have a horizontal tangent?

45. Show that the curve y = 6x* 4 5x — 3 has no tangent line
with slope 4.

E% 46. At what point on the curve y = 1 + 2¢* — 3x is the tangent
line parallel to the line 3x ~ y = 57 Illustrate by graphing the
curve and both lines.

41. Draw a diagram to show that there are two tangent lines to the
parabola y = x* that pass through the point (0, —4). Find the
coordinates of the points where these tangent Lines intersect
the parabola.
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SECTION 3.2 THE PRODUCT AND QUOTIENT RULES

ve of y = (x* + 1)(x* + 1) in two ways: by
+ Rule and by performing the multiplication

e

7

N ’
in two ways: by using the Quotient Rule and by simplifying
first. Show that your answers arc equivalent. Which method do

Fl) = 2= 3;"/’_‘

you prefer?
322 0 Différentiate.
@ Resources / Nodule 4/ Polynomial Models / Probiems and Tests

3 f) =zl 4. g(xy = Vxe*
e* e*
Ly= x 6. y= 1+x
x+2 1—u?
1 h(x) = — 8. f(u) = ¥ uz

b GE) = (2 + s+ DEF+2) 1. g = (1 + V2 — )
N HE) = (= %+ D+ 267°)

12 Hp =@ + 3+ 5t
B oy= 3t—17 " _4t+5
YT P si—4 YT
2 -
By tart3 o y= Y2t
Vx NEES!
2
—u—2
0 y= (2~ 29e" 8 y=2t—>
= e Y 7 |
1 e*
1"? y=— —
Y e+ 2.y x+ e*
.I_
nofl) = — n fixy =220
¢ cx+d
x+ —
X

#-26 O Find an equation of the tangent line to the curve at the
given poing,

—*/’_‘—, 4,04)

B oy= (1, 1) Boy=—

2x
x+ 1

5. y=2xe*, (0,0) %. y= E;c— (Lo

2. (a) The curve y = 1/(1 + x7) is called a witch of Maria
Agnesi. Find an equation of the tangent line to this curve
at the point (*— 1, %)

(b) Tlustrate part (a) by graphing the curve and the tangent
line on the same screen.

]
|1

| id]

[ h]
2]

n

33

36.

31

(2) The curve y = x/(1 + x%) is called a serpentine. Find
an equation of the tangent line to this curve at the point
(3,0.3).

(b) Ilastrate part (a) by graphing the curve and the tangent
line on the same screen.

(a) I f(x) = e, find (2. _
(b) Check to see that your answer to part
comparing the graphs of f and f',

(a) is reasonable by

. (@) If f(x) = o/ (x" — 1), find f'(x).

(b) Check to see that your answer (o part (a)-is reasonable by
comparing the graphs of f-and f.

Suppose that f(5) = 1, Fi(5) = 6, g(5) = —3, and g'(5) = 2.

Find the values of (a) (£9)'(5), (b) (#/g)(5), and () (g/f)'()-

| IE £(3) = 4, g(3) = 2, f(3) = —6,and g'(3) = 5, find the fol-

lowing numbers:

(@) (f + @'
© (f9®3) @ ( -

If f(x) = e"g(x), where g(0) = 2 and ¢'(0) = 5, find f (0).

® (f9)'(3)

! )(3)

. If h(2) = 4 and A'(2) = 3, find

4
dx

=2

g

. If f and g are the functions whose graphs are shown, let

u(%) = F(x)g(x) and v(x) = f(x)/glx)-

(a) Find w'(1). (b) Find 2'(5).
¥y
“"‘. ]
fi P
p g
o § v
0 X

If f is a differentiable function, find an expression for the
derivative of each of the following functions.
flx
(@) y = x'f(x) ) y= xz)
x? 1+ xf(x)
)y =7+ @y=—7=
© =70 R

In this exercise we estimate the rate at which the total personal
income is rising in the Miami-Ft. Lauderdale metropolitan
area. In July, 1993, the population of this area was 3,354,000,
and the population was increasing at roughly 45,000 people per
year. The average annual income was $21,107 per capita, and
this average was increasing at about $1900 per year (well
above the national average of about $660 yearly). Use the
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by time ¢, then the derivative dp/ds represents the rate of spread of the mumor (see Exer-

cise 68 in Section 3.5).

=== Summary

Velocity, density, current, power, and temperature gradient in physics, rate of reaction and
compressibility in chemistry, rate of growth and blood velocity gradient in biclogy, mar-
ginal cost and marginal profit in economics, rate of heat flow in geology, rate of improve-

_ ment of performance in psychology, rate of spread of a rumor in sociology—these are all

special cases of a single mathematical concept, the derivative.

This -is an illustration of the fact that part of the power of mathematics lies in its
abstractness. A single abstract mathematical concept (such as the derivative) can have dif-
ferent interpretations in each of the sciences. When we develop the properties of the math-
ematical concept once and for all, we can then turn around and apply these results to all of
the sciences. This is much more efficient than developing properties of special concepts in
each separate science. The French mathematician Joseph Fourier (1768—1830) put it suc-
cinctly: “Mathematics compares the most diverse phenomena and discovers the secret
analogies that unite them.”

1. The position function of a particle

wmiezs Exercises

1-6 0 A particle moves according to a law of motion s = (),

1 = 0, where ¢ is measured in seconds and s in feet.

() Find the velocity at time 1.

(b} What is the velocity after 3 s?

{¢) When is the particle at rest?

{d) When is the particle moving in the positive direction?

(¢) Find the total distance traveled during the first 8 s.

(f) Draw a diagram like Figure 2 to illustrate the motion of the
particle. -

L= —- 10t + 12
Lf) =1~ 12: + 36¢

t
£+

2 fO=0—9%+ 15+ 10
L fO=r—4+1

5 5= 6. 5 = /1(3¢% - 357 + 90)

is given by
s=—452—-7 =0
When does the particle reach a velocity of 5 m/s?

8. If a ball is thrown vertically upward with a velocity of 80 fi/s,
then its height after ¢ seconds is s = 80t — 16¢%
(&) What is the maximum height reached by the ball?
{b} What is the velocity of the ball when it is 96 ft above the
ground on its way up? On its way down?

% (a) A company makes computer chips from square wafers
of silicon. It wants 1o keep the side length of a wafer very
close to 15 mm and it wants to know how the area A(x) of
a wafer changes when the side length x changes. Find
A(15) and explain its meaning in this situation.

10

(IR

12.

{b) Show that the rate of change of the area of a square with
respect to its side length is half its perimeter. Try to
explain geometrically why this is true by drawing a square
whose side length x is increased by an amount Ax. How
can you approximate the resulting change in area AA if Ax
is small?

(2) Sodium chlorate crystals are easy to grow in the shape of
cubes by allowing a solution of water and sodium chlorate
to evaporate slowly. If V is the volume of such a cube with
side length x, calculate dV/dx when x = 3 mm and explain
its meaning. )

(b} Show that the rate of change of the volume of a cube with
respect to its edge length is equal to half the surface area
of the cube. Explain geometrically why this result is true
by arguing by analogy with Exercise 9(b).

(a) Find the average rate of change of the area of a circle with
respect to its radius 7 as r changes from
(i 2t03 (i) 2t02.5 (iii) 2t0 2.1

(b) Find the instantaneous rate of change when r = 2.

- (¢) Show that the rate of change of the area of a circle with

respect to its radius (at any r) is equal to the circumference
of the circle. Try to explain geometrically why this is true
by drawing a circle whose radius is increased by an amount
Ar. How can you approximate the resulting change in area
AA I Ar is small?

A stone is dropped into a lake, creating a circular ripple that
travels outward at a speed of 60 cm /5. Find the rate at which
the area within the circle is increasing after (a) 1 s, (b) 3 s, and
{c) 5 s. What can you conclude?
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So if we denote by & the difference between the difference quotient and the derivative,
we obtain
I -
lim & = Aggo( Ar f (a)) =f@) - fla=0
Ay ,
But s=—A—x——f’(a) = Ay = flla) Ax + e Ax .

Thus, for a differentiable function f, we can write
Ay=f{a)Ax + eAx  wheree >0 as Ax—0
This property of differentiable functions is what enables us to prove the Chain Rule. /

Proof of the Chain Bule Suppose u = g(x) is differentiable at g and y = f(u) is differen-
. tiable at b = g(a). If Ax is an increment in x and Ax and Ay are the corresponding incre-
ments in # and y, then we can use Equation 7 to write

8] Au = ¢'(a) Ax + £, Ax = [g'(a) + &1] Ax
where & — 0 as Ax — 0. Similarly
[9] A.y‘———f’(b)Au+EzAu=[f'(b) + &) Au

where &, — 0 as Au — 0. If we now substitute the expression for Au from Equation 8

into Equation 9, we get
Ay = [f'(b) + &:][g(a@) + &:] Ax
A
so T =Lre) + 21lg@ + =
x
™ As Ax —> 0, Equation 8 shows that Au — 0. So both &, — 0 and &, — 0 as Ax — 0.
Therefore
dy . Ay
la” S AR 1] + '
5 = dim —= = lim [f() + e:lg'a) + 2]
= f'(b)g'(a) = f(g(a)g' (@
This proves the Chain Rule. : =}
messte. Exercises
:IIG O Write the composite function in the form f{g(x)). [Identify 7-42 © Find the derivative of the function.

e inner function u == ¢(x) and the outer function y = f(u}.] Then N _ (3 . (2 _ 3
find the derivative dy/dx. 1./ Elx ) (x® + 4x) 8 Fx)=(x*—x+1)
% Resources / Modula 4 / Trigonometric Medels / Chain Rule Practice 1

= /5 — S B

% {(x* + 4x + 6 2. y=tan3x 2. g(x) X 0. /0 {2 — 2t — 5)*

3. y = cos(tan x) : b y=YT+x3

. 32
.5. y=e" 6. y = sinfe”) N k() = (r - -i—) 12. f() = Y1 +tant
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13. y = cos(a® +x*) - 14, y=a® + cos’x
15 y=e"™ 16, y = dsec3x
AL G(x) = (3x — 2)%(5x* —x + 1)
18, g(5) = (6¢* + 5Y(¢* — 7t
Mo y=(0x— 5¥(8x% — 5)7 20 y=(+ NP2
M y=xe . 22, y=¢€ “cos3x
: y—6Y 41
3. Fly) = : = 4
() (y+7) 2. () "
25 f(z)—-—!— 26 f()—_i—
' P2z - 1 AV "
<2
7. y = tan{cos x) 28 y= ST
cosx
29 y=5" 30. y=«/1+2fanx
' 31, y = sin’x + cos’x 32. y = sin*(cos kx)
_ 33, y = (1 + cos’x)® ¥ yv= xsin-i*
: 3x
e .
N 35. = G. — ,5sind
' YT e Boy=e :
37 y=e""" 38. y = sin(sin(sin x))
39.y=\/x+\/; 9. y= x+\jx+\/3—r
41. y = sin(tan /sin x) g y= 2%
[ 4346 O Find an equation of the tangent line to the curve at the
i given point.
3. y= L {4,2)
AN/ T
4, y == sinx + cos 2x, (7/6,1)
4. y = sin(sinx), (7,0)
8. y=10% (1,10)
47, (a) Find an equation of the tangent line to the curve
y = 2/(1 + ¢) at the point (0, 1).
i E‘i’ (b} Tiustrate part (a) by graphing the curve and the tangent
line on the same screen.
: 48. {a) The cumve y = |x|/y/2Z — #? is called a bullet-nose Curve.
Find an equation of the tangent line to this curve at the
point {1, 1). _
EZ  (b) Tustrate part () by graphing the curve and the tangent
line on the same screen.
49, (a) If f(x) = +/1 ~ x¥x, find fx).
5 (b) Check fo see that your answer to. part (a) is reasonable by
comparing the graphs of f and f "
50. (a) If f(x) = 1/{cos’mx + 9 sin?x), find f'(x).
nLE
7 anm

{(b) Check to see that your answex t0 part (a) is reasonable by
comparing the graphs of f and f " .

51

52

53.

54,

56.

57.

Find all points on the graph of the function
flx) =2sinx + sin®x at which the tangent line is horizontal.

Find the x-coordinates of all points on the curve
y = sin 2x — 2sin x at which the tangent line is horizontal.

Suppose that F(x) — f(g(9) and g3) = 6,4'3) = 4
f (3) =2, and f ’(6) = 7. Find F'(3).

Suppose that w = u ° v and u(0) = 1, 2(0) = 2, «'(0} = 3,
@'(2) = 4, v{0) = 5, and #'(2} = 6. Find w'(0).

A table of values for f, g, f*, and g’ is given.
« | o) | s | f@ | ¢W
1 3 2 4 6
2 1 8 5 7
3 7 2 7 9

(a) Tf h(x) = £(g(x), find K(1).

() If H(x) = g(f(x)), find H'(1). _
Let fand g be the functions in Bxercise 53.
(a) I F(x) = f(f(x)), find F'(2).

() 1f Gx) = glg(), find G'3).

If f and g are the functions whose graphs are shown, let

u(x) = Flg(x); v(x) = g(F(x), and w(x) = g(g(x)). Find each
derivative, if it exists. If it does not exist, explain why.

(@) (1) (b) v'(1) (© w'()
) 1 ]
\| if
\ Tl
1AM Ll
v
Lot 1A

If fis the function whose graph is shown, let A(x) = F(F(x))
and g(x) = f(x*). Use the graph of f to estimate the value of
each derivative.

(a) H'(2) ®) 9@
ry l —
y§ flx / '
el /

-
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D*cosx = cos x
Dicosx= —sinx

We see that the successive derivatives occur in a cycle of length 4 and, in particular,
D"cos x = cos x whenever n is a multiple of 4. Therefore

D¥cosx=cos x
- and, differentiating three more times, we have

D¥cos x =sinx ]

We have seen that one application of second and third derivatives occurs in analyzing
the motion of objects using acceleration and jerk. We will investigate another application
of second derivatives in Exercise 62 and in Section 4.3, where we show how knowledge of
f" gives us information about the shape of the graph of f. In Chapter 11' we will see how
second and higher derivatives enable us to represent functions as sums of infinite series.

e 10y AU
S Exercises

1. The figure shows the graphs of f, f*, and f". Identify each ‘ ¥4 a
curve, and explain your choices.
, yﬁ : 5 )
a

i |

4. The figure shows the graphs of four functions. One is the
position function of a car, one is the velocity of the car, one is
) its acceleration, and one is its jerk. Identify each curve, and
2 The figure shows graphs of £, f', ", and f*. Identify each explain your choices.
curve, and explain your choices.

¥y
y abc d
\ ° t
x
R
520 O Find the first and second derivatives of the function.
B fl)=x"+6x*—Tx 6. f(H=1"— 7%+ 2
_ 7. y=cos20 8 y=2#0siné
3. The figure shows the graphs of three functions. One is the
9, Alx) = /x*+1 10. G(r) = /v +
position functicn of a car, one is the velocity of the car, and . & x ") ﬁ ﬁ
one is its acceleration. Identify each curve, and explain your — + 5 12. - 1
choices. M. F(s) = (35 +5) g(ie) N

(\-




3337 O Find a formula for £%(x).

238 O CHAPTER 3 DIFFERENTIATION RULES

x <X
Boy=T 10, y==xe
2

B oy=(-x)" 16, y=

x+1

17. H(f) = tan 3¢ 18, gls} = s%cos s

9. g(t) = %™ 20. A(x) = tan '(x?)

- - - . - - " - - .

2. (a) If f(x) = 2 cos x + sin’x, find f'(x) and f"(x).
© (b) Check to sec that your answers to part (a) are reasonable
by comparing the graphs of f, f*, and f". ’

2. (a) If f(x)=e* — x° find f'(x) and f"(x).
(b) Check to see that your answers to part (a) are reasonable
by comparing the graphs of f, f*, and f".

23-24 O Find y™.
Z3.y=\/ix+3 24.y=i;i
. If f(x) = 2 — 397 find £(0), £0), £"(0), and f"(0).

26. If gld) = (2 — ¢*)", find g(0), g'(0), g"(0), and g™ (0).
21. ¥ f(6) = cot 6, find f"(#/6).
2. If g{x) = sec x, ﬁnd‘g’"(qr/4).

29-32 O Find y” by implicit differentiation.

2 P+y=1 0 Jx+JSy=1
) %2 y?

3. x4y + Y= 2 —2-=1
xy+y T

33. f(x)=x"
1
n flx)= W
3. f(x)=e*
3. f(x)=+x

1
3. flz) = £

3840 O Find the given derivative by finding the first few deriva-
tives and observing the pattern that occurs.

38. D¥sinx
39. p¥® cos 2x

40, D'y~

41. A car starts from rest apd the graph of its position function i
_ shown in the figure, where s is measured in feet and ¢ in
geconds. Use it to graph the velocity and estimate the accelera-
tion at 7 = 2 seconds from the velocity graph. Then skeich a
graph of the acceleration function.

5

120+
100 +
804
601

2071

¢ 1 I3

42. (a) The graph of a position function of a car is shown, where
s is measured in feet and ¢ in seconds. Use it to graph the
velocity and acceleration of the car. What is the accelera-
tion at ¢ = 10 seconds?

e

100

0 10 20 !

() Use the acceleration curve from part (a) to estimate the
jerk at # = 10 seconds. What are the units for jerk?

43-46 O The equation of motion is given for a particle, where s is
in meters and ¢ is in seconds. Find (a) the velocity and acceleration
as functions of £, (b) the acceleration after 1 second, and (<) the
acceleration at the instants when the velocity is 0.

4. s=1 -3¢

W s=r—r+1

45. 5 = sin 2t

8. s=205 -T2 +4r+ 1

47-48 O An equation of motion is given, where s is in meters and
t in seconds. Find (a) the times at which the gcceieraﬁon is 0 and
(b) the displacement and velocity at these times.

47, s=1t'— 4 + 2
48 s=128 — 9%

.




